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LIMITS

Introduction

Example 1:
let’s consider a function i.e. f(z)

10

&8

[f(a:) — 2?4 3}

atz =2, f(2) =2(2)°+3=2(4)+3=11
atz = —1, f(-1) =2(-1)*+3=2(1)+3=5

Thelfunctionf(z) = 22° + 3 is defined for allz € R |
Yedeo links
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Example 2: —
Lets consider another function

{f(w) -4 J

1)*—4 -3 —T—
(-1)°-4 -3 ’
at = , f(=1) 3 . S
2 2 _—. | '
atz=2,f(2) = ( 2) 5 = % (indeterminate form)

So clearly this{ function is defined for all x except 2. ]

x? — 4

z— 2

(i.e. its/functional value at z = 2 doesn’t exist)]

But we can study how this [function behaves in the neighbourhood of z = 2]

by using the concept of LIMIT.
Yedeo linke

Although f(z) = is not defined at x = 2
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The following table shows how the function behaves when we come closer to 2.

from both left hand side

—

LHS & right hand side

—

RHS

x 1.7 1 1.8 1.9 | 1.99 2.01

2.1 (2.2 23

ole| B

3.713.81]39 (399 4.01

f(z)

4.1 (4.2 1|43

From the above table we observe that

From the above table we observe that

hen x comes closer to 2 from L. H. S.
f(x) comes closer to 4.

when x comes closer to 2 from R. H. S.
f(x) comes closer to 4 also.

or
when z approaching to 2 from L. H. S.
f(z) tends to the limit 4.

or

when x — 27, f(z) — 4
or

ie. lim f(z) =4

T—r2

— | Left hand limit (L. H. L)

or
when z approaching to 2 from R. H. S.
f(z) tends to the limit 4.

or
when z — 27, f(z) — 4
or

ie. lim f(z) =14

r—2t

— [ Right hand limit (R. H. L)]

Here L.H.L =

R.H.L

Vedeo linkes
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Example 3:
let’s consider a function i.e.f(x)

o -]

atz =4, f(4)

|z —4] 0
oz —4 0
The functionf(x) is defined for all z € R except 4.

So lets check how it behaves in the neighborhood of 4 by taking the help of limit.

x |37(38(39(399|4|4.01(41|42]|43 i
fl@)y|-1|-1|(-1| -1 |[g| 1 | 1| 1]1
) ——————— 4
L.H L — lim f(z)= -1
T4~ !
R.H.L = lim f(z) =1 | ;
x— 4T
Here L.H.L # R.H.L ¥ 5 3
2
- 5
Video links v
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Example 4
let’s consider a function i.e. f(z)

.
1

1
atz =3, f(3)= 3-3-0 (undefined form)
The function f(z) is defined for all z € R except 3.
So lets check how it behaves in the neighborhood of 3 by taking the help of limit.
T 281 29 | 299 [ 2999 | 3 | 3.001 | 3.01 | 3.1 | 3.2

f(x) | =5 | —10 | —100 | —1000 % 1000 | 100 | 10 | 5

L HL = lirgl f(z) = —oo (doesn’t exist) | ;
r—3~

R.H L = lim f(z) = oco(doesn’t exist)

—3t

Here we can’t get any definite number ‘

Video links v
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Existence of Limit

Note: from the earlier examples (1 to 4) we observe that for some functions

L.H.L = R.H.L (example 2)

L.H.L # R.H.L (example 3)

[..H.L 2 Left Hand Limit
R.H.L éRight Hand Limit

L.H.L or R.H.L or both not defined (example 4)

THEOREM: EXISTENCE OF LIMIT

If LLH.L = R.H.L, then we can say limit of the function exists.

Vedeo linkes
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Definition of Limit

® Let f(x) be a function defined in neighborhood of ‘a’, except

¢ )

a.
e [et‘l be any number.
® Then we can say limit of f( X) as ‘x’ approaching to‘a’ is‘I’.

e lim f(x) =1

r—a

Note:

. The limit depends upon the values of f(x) in the
neighborhood of ‘a’, except ‘a’.

2.  The function f( X) may or may not be defined at ‘a’.

Video links
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Neighborhood of a point

® [et’s check neighborhood of point *2’.

2" right neighborhood

/

- 2+
< oo > Real line

2
—o0 0 1/2 3 o

2~ left neighborhood

Vedeo linkes
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Evaluation of L.H.L and R.H.L

e LEFT HAND LIMIT

To evaluate L. H. L of a function f(z)at z = a
we have to follow the following steps
step 1: write lim f(z)

T—a~
step 2:put z =a—h
[replace:z: —a byh— U]

r—a
A —h =4
—h—0

h—0

lim f(z) = lim f(a~ h)

T—a

step 3: simplify }]1113 fla—h)
—
Yideo links

e RIGHT HAND LIMIT

To evaluate R. H. Lof a function f(z)at z = a
we have to follow the following steps
step 1: write lim f(z)

T—rat
step 2:putz =a+h
[replace z—a byh— 0}
r—a’
at+h—a
h—0

lim f(z) = lim f(a +h)

r—at

step 3: simplify }llinll] fla+h)
_>
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z—4

Q1 Evaluate L.H.L and R.H.L where Lf(m) — {ﬂv TF4 pp— 4}

e LEFT HAND LIMIT

Video Ulinkes

0, r =4

e RIGHT HAND LIMIT
= lim f(x)

= lim
h—0 (4+h)—4
.. |
=
h

— lim —
B0 h

= lim 1
h—0

= 1

L.H.L#R.H.L .;[ lim f(z) doesn’t existJ

x—rd
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A A

f(z) =

|z — 4
r—4
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Q2 Ifo(m) _ { :r:—m|:r| j T ?é

0
22 =4

check whether lim f(x) exists or not

z—0

e LEFT HAND LIMIT e RIGHT HAND LIMIT
= lim f(x) = lim f(z)
r—0~ z—07T
. T — |z .oz — |z
lim — {put x =0 — h} mll:-n[[]l+ - {put z = 0+ h}
T el o R R
= —h o h
= lim —h—h — 1 h—h
 h=0 —h ~ TR
o 2 0
T o0 —h ~hoo h
= lim + 2 = lim 0
h—0 h—0
L.H.L # R.H.L |® [ lim f(z) doesn’t exist
r—

Video Ulinkes

|
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f(z) =

z — |z|

Vedeo linkes
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3 52 — 4,
° If[f(m) - {4;;3 — 3z,

0<$€q
l<ax <2

show that lini f(z) exists
—

e LEFT HAND LIMIT (x < a)

:Iligl_ f(x)

= lim 5z —4{put z =1— h}
r—1-

= lim 5(1—h)—4
h—0

=5(1—-0)—4

= 5(1) — 4

=5—4

=1

Note:

1. f(x) at x = a {i.e. functional value of f(x)}
2. f(x)at x # a {i.e. functional value of f(x)}
LHL2?x<a RHL2x>a

e RIGHT HAND LIMIT (x > a)
= lim f(x)

rz—1Tt

— lim 4z° — 3z {put z =1+ h}

c—1t

::E%4u+hﬁ—3@+h)
= 4(140)° —3(1+0)

= 4(1)* — 3(1)
—4-3
=1

L.H.L = R.H.L

Vedeo linkes
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Q4 Examine the existence of the function

4 ¢ z, 0<z< % 1\
1
\_ \ 1 - €L, 2 < g 1 )
e LEFT HAND LIMIT (x < 1/2) | ¢ RIGHT HAND LIMIT (x >1/2)
= lim f(z) = lim_f(z)
ﬂ.'——:'%_ m—}E
1 , 1
= lim m{puth—— } = lim 1—=x put;c:—_|_h
o 2 $ﬂ‘-%+ 2
2
1 . 1
= lim — — =liml— (= +h
2 " hs0 (2 N )
1 1
— 5 U = — —
; - (5+0)
: 2
. 1 .
L.H.L = R.H.L »{11_13} flz)= 5 exists }
=y

Video Ulinke
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T —1
Q5 Show that| lim c - doesn’t exist
z—0 er + 1
e LEFT HAND LIMIT e RIGHT HAND LIMIT

= lim f(x) = lim f(x)
z—0~ z— 0+
6% —1 e% —1
= lim — {put z =0 — h} = lim — {put z =0+ h}
=0 ev + 1 z— 0" o +1
= lim — (=) . = lim — (=)
h—0 e 41 E _fne h—0 e™m +1
_ e —1 1 _ er — 1
= lim — e — ool = lim
-1 - 0 -
= lim < e = lim —<
h—0 - + 1 h—0 1 4+ il
eh eh
0—-1 1—-0

_|_
L.H.L#R.HL ilf(l} f(z) doesn’t exists]

3
3
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Greatest Integer function

n, r=mn
ﬁ:ﬂ] = {n 1, n—1<z< n} [x] is known as greatest integer function

—

Example :

5] =5

3] =3

—3] = -3
25

[?] —=[8.3] =8 as 8 <83<9

Video Ulinke
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Q6 Examine the existence of { lim 2] J

e LEFT HAND LIMIT
= lim [z| {put z = 3 — h}

r—+3
= lim[3 — h|
h—0

= 2

2<2.9999 <3
2<3-h<3
\ 80 [3 —h| =2

3 — h = 2.9999 (approximate)

)

Vedeo linkes

e RIGHT HAND LIMIT
= lim [z| {put z = 3 + h}

r—r3 T
= lim[3 + h|
h—0

=3

(3 + h ~ 3.0001 )
3 < 3.0001 < 4
3<3+h<4
(S0 [3+h] =3 )

L.H.L#R.H.L -}[ lim|z] doesn’t exist

|
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Q7 Examine the existence of[iﬂ z] J

e LEFT HAND LIMIT

: 5]
= lim [z] {puta:: > —h} = 11n;+[$] {puta:: 5 Th
+=(3)° 2 )
5 ] |2
M =1 —
—}i%lrh hi‘%[z”_
= lim[2.5 — =lim[2.5+h
—9 =2
(g ) (g )
3 h =~ 2.4999 b} + h = 2.5999
2<24999 <3 2 <2.5999 <3
2<25—-h<3 2<25+h<3
\80[2.5—)‘1]:2/ \80[2.5+h]=2/

Video Ulinke

e RIGHT HAND LIMIT

2

L.H.L = R.H.L

m—}i

»[ lim z] exists]

}
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Evaluation of Limit

Evaluation of limit is divided into two parts:

® Evaluation of algebraic limit. ® Evaluation of non-algebraic limit.
5 different methods 1. Evaluation of limit using
1. Direct Substitution method some standard formulas.
Factorisation method
Rationalisation method

Evaluation of limit at infinity

or B~ W N

Evaluation of limit using some

standard formulas.

Vedeo linkes


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

EVALUATION OF ALGEBRAIC LIMITS

5 different methods
. Direct Substitution method
/. Factorisation method
3. Nationalisation method
4. Evaluation of limit at infinity

a. Evaluation of limit using some standard formulas.

Vedeo linkes
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1. Direct substitution method

2
Q1 Evaluate | lim4z” + 3 Q2 Evaluate |5 £ 13
r—2 lim ——
2
Solution: jim 442 + 3 Solution: 1im X2
r—2 22 7 — 1
=4(4) +3 21
—16+3 _4+3
=19 1 —
=17

Video linko
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1. Direct substitution method

Q3 Evaluate Llim Vitz +/1—z }
z—0 1 —

Solution: lim Vitz +vl-—z

x—0 1 —

V10 +V1I-0
B 1-0
_ V14Vl

1
141

1

2
1

=2
Yedeo linke
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2. Factorisation method

Q1 Evaluate {].im

z? — 16
z—4 1 —4

Solution:

]jmmz—lﬁ 2
z—4 1 —4 0

(z—=4)(z + 4)

:}Eﬁ }//4:
= limx + 4

r—4
=4+4
=8

Vedeo linkes

a NOTE

If after substituting = ain lim
IT—ril g(m)
then use factorisation methods.

f=)

Step2 — cancel out common factor if any.

gives —,

Stepl — factorise either f(z)or g(x) or both.

@epB — use direct substitution method agaiy

~

0
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2. Factorisation method

2 _4x 4+ 3
Q2 Evaluate Llim a’, v }

z—1 22 — 6x + 5

.2 .
Solution: pj, ¥ —4+3 (0
z—1 22 —6x + 5 0

x> —3zx—2+3
= lim

z—1 g2 — 5z —x+5
z(z —1) — 3(x = 1)

};I—IE z(z—1) =5z —1)
o @=DE=3)
M a1z —5)
= lim (z —3)
z—1 (:1‘:—5)
1-3 -2 1
T 1-5 4 2

Video Ulinke
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3. Rationalisation method

NOTE

if there is a square root term either in Numerator and Denominator or both

f(z) 0

and after putting x = a directly in lim gives 0 form then use

T—ra g(ﬂ:)
Rationalisation method.

N /

METHOD

4 )
1. Multiply the conjugate of the square root term both in
numerator and denominator.

3, Then simplify.

)

Vedeo linkes
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3. Rationalisation method

Q1 Evaluate {hm veda }

z—0 €T

Solution:
o Vr+1-1 (
lim

x—0 €T

= lim

20 ;r:(x/:r+1+1

_ r+1—1
= lim
‘”_:'D:I:(ﬁ:c-l—l—kl)
— lim e
70 M+1)
1 1 1

Video Ulinke

HM/:E+ +1  V0+I1+1  Vi4+1
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Q2 Evaluate Llim

3. Rationalisation method
3/1+:L'—\/1—:1:J

z—+( 2

Solution:

Video Ulinke

lim

Vitz—+vV1—z (3)

z—0 2r 0
) (v’lJra:—x/l—w)(«./lJr:r:Jr\/l—:t:)
0 20(VIF 2 +vI=a)

2

. (vits) - (vis) oy (@) (1 -a)
" 2(Vitz+vi—e) 0 2(Vitz+Vi-o)

lim l14+z—14+=x ~ him 2x
20 Zm(\fl+m+«.fl—:ﬂ) v=0 x31+$+v1—m)
1 1 1

Iim

50 Itz +vVIi-z VIT0+vI-0 Vi+vl

1

2
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4. Evaluation of limit at infinity

/ METHOD \

Stepl — the expression should be a rational function,
if not convert it into a rational function
x
G
9(z)
Step2 — if kis the heighest power of x then divide each term

of numerator & denominator by z".

1
Step3 — use lim — =0, k > 0.
K r00 /

Vedeo linkes
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4. Evaluation of limit at infinity

322 +4r — 1
Q1 Evaluate | lim v AT
z—o0 2x2 + x + 2

. 3244z —1
Solution: Lim v A
z—00 2x2 + -+ 2

. : 4 . 1
lmg 5003 + limy 0 o — limy 00 =

: : 1 : 2
im0 2 + limg 00 o + limy 00 =5

3+0-0 3

24+04+0 2

Vedeo linkes
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4. Evaluation of limit at infinity

£
2 Evaluate | lim
© Lﬂ—m V1o J

Solution: lim v

T—00 1|,a’:j::i‘_|_1_:|_

= lim

Vedeo linkes
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4. Evaluation of limit at infinity

1+2+3+--+n

Q3 Evaluate | lim

Solution: lim

Vedeo linkes
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4. Evaluation of limit at infinity

!
4 Evaluate | v
? {J:H;o (nﬂ);_nz}

n!

Solution:  lim
n—oo (n+ 1)! — n!

) n!
— lim

n—o (n+ 1)n! — nl
n!
= lim
n—oo nl(n + 1 — 1)
_ 1
= lim
n—oo I(n+1—1)
1 1
— lim — = — =0
n—oo M 00

Vedeo linkes
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5. Evaluation of limit using standard formulas

/ FORMULAS \

. 2" —a _
1. lim =na" ' a>0
r—a X — (1

2.lim(1+m)% =je -

x—0

3. lim (1 + l)
T—+00 €T

4. lim (1 —|—}\iﬂ)% = ¢

T—00
5. lim (1 + i) e
x

\m%m

e

/

Vedeo linkes
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5. Evaluation of limit using standard formulas

x? —9
Q1 Evaluate { lim }
23 * — 3
N
Solution: Hﬁ — FORMULA
2 2
e 3 n T
i B =) [limm . :na”—l,a.:::-oJ
r—r3 r—3 r—a I — @
= 2(3)2_1 n =2
=6

Vedeo linkes
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5. Evaluation of limit using standard formulas

Q2 Evaluate Llim Rt = 27}

z—+0 £
(z+9)% —27
Solution: lim ~—
z—0 £
3 3
e (2+9)7 —(9)
/varia,ble is 2z + 9\ - };ﬁl} (z+9)—9 FORMULA
— 0 9)7 — (9)? Y=t
o 9 59 | = lim (29" — (9) {ﬁmﬂj - = na” 1,:1}0}
\_ r+9Y — ) m;—g—:@ (m—|—9)—9 z—a T — @
31 3
:—92 = —
5 (9) n=
31 a=29
3 9
:—3 = —
2() 2

Vedeo linkes
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EVALUATION OF NON-ALGEBRAIC LIMITS

/ FORMULAS \

N sin & |
. lim =
T lo 4+ 1
0 .m_l 5 11111 g (3? ) = 1
. sin Tz z—0 T
2. lim =1 et — 1
=0 6. lim —1
- tanaz =0 X
3. lim =1 a® — 1
w0 T 7. lim =loga (a>0)
) tan~ 1 2 z—0 €T
4. lim =1

N /

Vedeo linkes


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Evaluation of non-algebraic limits

z—+0 T

. sindx
Q1 Evaluate { lim }

_ . sindzx

Solution: lim
x—+0) T
_ lim 25042 FORMULA

x—+) 4:13 =
xz— 0 sin4dx . sSlnT

— 4 1 lim =1

{43} — OJ 4413113}1& A { z—0 I }
=4(1)
=4

Vedeo linkes
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Evaluation of non-algebraic limits

Q2 Evaluate {

. sinbz
lim
i | t31131? }

Solution:

x— 0
S — 0
3z — 0

Vedeo linkes

sin bx

lim
r—0 tan 3z
lim,_.g sin bz

sin bx % e

lim; 5 1

tan 3x 3z

sin bz
S5z

tan 3x
3z

5 HIH&&%D

3 limg,

1 5

5
— %
3 1 3

FORMULA
4 * I
lim Sin & 1

zr—0
lim tan z 1
kx_}ﬂ €T /
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Evaluation of non-algebraic limits

03 Evaluate Llim 11 cos ‘""'}

z—0 2+ 1

Solution: lim 1 tmsm
r—0 =+ 1

B 1+ cosO
- 02+1
_1+1

1
= 2

2
1

Vedeo linkes
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Evaluation of non-algebraic limits

sinez 1
Q4 Evaluate Llim ¢ }
z—0 T

esi.nm -1
- lIm
Solution: M~
o eMm*T _ 1 sinx
= lim _ *
z—0 T *SInT 1
- = | ~ sinz
— lim - * lim
z—0 singx z—0
x—0 ” P | )
. — m - %
sinz — 0 sin x—:() S x
=1x1=1

Vedeo linkes

FORMULA
o p
11111 S111 & _ 1

x—0 @I
im &~ g
Km—}[} e j
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Evaluation of non-algebraic limits

x—0 r

Q5 Evaluate {ﬁm SCT - conT }

cscxr —cotx

Solution: lim
x—0 €T

1  cosz
sin T sin

— lim
x—( T

1 —coszx

— lim -
r—0 T *8SINT

(1—cosz) sinz

= lim _ * —
z—0 I *Sinzx sin x
. (1 —cosz)sinz
— lim —
z—0 T *sin“ x

FORMULA { lim 222 _ 4 }
xr—0 @
Vedes linko

. (Il —cosz)sinz
= lim

x>0 g xsin’x
(1 —cosx)sinz

(1 —eosz)sinx

=
20 z(1 =eosz)(1 + cosx)
. sinx 1
= lim K
z—0 (1 + cosx)
~ sinz . 1
= lim * lim
x>0 x  z-0 (14 cosx)
1 1 1

T T cos0 1+1 2
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Evaluation of non-algebraic limits

tanx — sinx

Q6 Evaluate | lim —
z—0 sin’ x
Solution:
. tanz —sinx _ L COS
lim 3 = lim —
70 SIn- T z—0 sin” x * cos
5 == —sinx £ wiy 1—cosz
= lim — = —
z—0 sin® ¢—0 sin” x * cos x
. sinz —sinz * cosz — lim 1 —cosz
= lim in3 20 (1 — cos?z) cosx
z—0 sin® & * cos

1——cesz

sinz(1 — cosx)

= li = lim
20 sin® z * cos z z—0 ( /QQS’f)(l + cosx) cos z
i sinz(1 — cosx) — Im

= lim
z—0  §ind o % COS T z—0 (1 4 cos m) COS T
I 1 —cosa 1 1

= 111 — — _
=0 gin® z * cos (1+cos0)cos0 (14 1)1

Video Ulinke


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Evaluation of non-algebraic limits

log (22 — 1
Q7 Evaluate Llim gt )}

r—1 :1‘,'—1

. 1 20 — 1
Solution: lim og (2 )
r—r1 €T — 1

log (2 — 2 + 1)

= lim
r—1 €Tr — 1
y log {2(z — 1) + 1} FORMULA
— lim
r—1 €T — 1
. 2 log{2(xz—1)+ 1} L]im log (z + 1) — 1}
= lim — * 20 T
r—1 2 z—1
1 _
r— 1 x—r1 2(:13 —_ l)
—1—-0 —
T log {2(x 1)+1}:2*1:2

=2 i
2(x —1) =0 2(3;51)1—}0 2(x — 1)



https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Evaluation of non-algebraic limits

Q8 Evaluate {Hm tan (x + h) — tan 3:}

h—0 h
Solution: FORMULA
. tan(x + h) — tanz
lim .
h—0 h i sy 1
sin(z+h) _ sine L o0 T J
— lim cos(z+h) COS I
h—0 h
sin (z + h) * cosx — sinz * cos (z + h)
— 111
h—0 cos (z + h) *cosz x h
_ sin (z + h — x) . sinh 1
= lim = lim *
h—0 cos(xz + h)*cosxxh h>0 h cos (z + h) *x cosx
. sinh 1 1
= lim x [im — 1 %
h—0 h  h—0 cos(xz+ h)*cosx cos (x +0) % cos
1 1 ,

= = s— =sec’
COST % COS T COS? I
Yedeo links


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ
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Differential

Equations

PRAGYAN PRIYADARSINI

LECTURER IN MATHEMATICS
GOVT. POLYTECHNIC JAJPUR



https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Definition

* An equation involving
° independent variable,
> dependent variable and

o derivative of dependent variable with
respective to the independent variable or
variables

* is known as DIFFERENTIAL EQUATION.


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

4 )

dy 4 3y? = 9x
dx
\ Y,

For example:

* In the above equation:

° X = independent variable

>y = dependent variable

d
di = derivative of dependent variable (i.e.’y’)

o

with respective to the independent

variable or variables (i.e.’x’)


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Types of Differential Equations

e Differential Equations are of 2 types:

A. Ordinary differential equations (O.D.E)

B. Partial differential equations (P.D.E)


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Ordinary differential equations
(O.D.E)

e Differential equations involving derivatives w.r.t
only one independent variable is called
Ordinary differential equations (O.D.E)

Exanmple: r i ~N
d_. 59y _9x_0

dx? dx
_ Y

* Here the derivatives includes only one
independent variable i.e.X’


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Partial differential equations
(P.D.E)

 Differential equations involving derivatives w.r.t
more than one independent variable is called
Partial differential equations (P.D.E)

Exanmple: v B
3u ou 8u _ 5u
ax dy "%

Y

Hereu =f (X Y, Z), therefore
°u ====) dependent variable
° X,Y,z === independent variables


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Order of the Differential equation

* Order of the differential equation is the
highest order of the derivatives occurring
In it.

* As we already know:

. )

d >,
Y | — 1st order derivative

— 7 | = 2"d order derivative

~

— 7 | == 3" grder derivative

0
X
w

0
S
~

= N order derivative

21
>


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Lets see few examples:

E ﬂ e )
.2 1: 2
dy, 59 _9x -0
dx? dx
o OQrder =2 ~ -
s y = ~
E.g. 2: Y VN+y2 = &Y
dx) T A
\_ _J

o Order = 3


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Degree of the Differential equation

* Degree of the Differential equation is the
highest power of the highest order
derivative after the equation has been
freed from radicals and fractions.

Lets see few examples:

Eoo ﬂ: (d3 d 2
> Order = 3 d_x);-l- %) = 9X

° Degree = 1 - J

~N



https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

d2y
= (dx2
o Order = 2
> Degree =2

= 3+

dy

dx

squaring both sides]


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

4 5/2
d2y
[1 T ) ] =3 (dx2
.
[ squaring both sides]

- [1+<:—1>2]5={ —}

> Order = 2
> Degree = 2


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Solution of Differential equation

 Let us take adiifferential eq" and af‘unction
[dzy +y = OI 0 [y = a sin (x+b)]_@
dx?

[where a, b are real number]

then
=) EII_Z( = a cos(xtb) [differentiating eq"@]

= j Y =_asin (x+b) [differentiating again]

contd..


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

contd..

42
now putting the values of y & d_x); in eq”@

LHS = jy+y = -asin (x+b) + asin (x+b) =0
x?
RHS= 0 L.H.S = R.H.S

e so we conclude that:

r

'y =asin (x+b)] is solution of differential equation

~
z: Y +y= O] as it satisfies the equation.
X2

Note:- a function is said to be solution of a differential
equation if it satisfies the equation.



https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Two types of solution

A. General or complete solution

B. Particular solution


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

General or complete solution

* A solution which contains the number of
arbitrary constant equal to the order of the
differential equation is called a general solution.

Example:
[y = asin (x+b)] is general solution of e
[ l differential equation . +y=0

> Order of differential equation = 2

° a, b are two arbitrary constants in the solution.


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Particular solution

» A particular solution of a differential equation is
a solution obtained from the general solution by
giving some particular values to the arbitrary
constants.

Example:
{y =2 sin (x+5)J is particular solution of >
[ l differential equation [j_); +y = OJ
X



https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Solution of Differential equation

Solution of 15t order and 15t degree equation by:

A. Separation of variables

B. Solution of linear Differential equation

of first order


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Separation of variables

o Consider the Differential equation

[d_v - f(xy)}@
dx

e Equation @can be separable of variables

= N = f(x)f()

dx

=) dy = f;(x) dx
f2(y)
* Integrating both sides

dy = |f,(x) dx + C
(1) Ji

* Which is a complete solution


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Question 9
«Solve |9 _ ﬂz]
d

e Soln dy e [ cross-multiplying ]

= L =2

1 +y2 +x2
[ integrating both sides ]
dy dx

g kvl e

‘{tan" y = tan “'x + C} ANSWer



https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Question 2

o Solve
e tany dx + (1+ e%) sec?y dy =0 |

 Sol"
= eXtany dx + (1+ ) sec’y dy = 0

=) (1+€*) sec?y dy = - e*tany dx
SeCZy dy = - eXdx

t 1+ e
any (1+ €% [ Integrating both sides |
sec?y dy =( - ex dx
= J tany 1+ &%) o

@ @I contd.. |


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

contd..

o For@

e For@

Let tany =y Let (1+ eX) —
_ du dv
= secly= — = ex ==V
dy dx

sec’y dy = du e* dx = dv

- J‘seczydy du = _J‘ ede__J‘d_v
tany (1+ &%) v
= log u =-logv
=) = |og tany =) =-log (1+ eX)
Eg @ becomes:

=) [Iog tany = - log (1+ e*) + CJ ANSWELr

Q-


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Solution of linear Differential
equation of first order

A differential equation in which the dependent
variable and all its derivatives occur in the 1%
degree only and are not multiplied together is
called a Linear Differential equation.

e Standard form of linear differential equation

(1%t order) [ y . + Py = Q]
dx

e where P and Q may be constant or only a function of x.

» coefficient of d_y is always unity.

dx

contd..


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

contd..
method of solution

e Step 1
> Find I.F (Integrating factor)

N [erdX]

 Step 2
> Then the complete solution is given by

[ny.F:f{Qx(I.F)}dx+C ]



https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Question 1

e Solve

o Sol"

dy + ytanx = secx]
| dx

It |s In Its standard form

=)
LF —

(Integrating f

actor)

=

dy [ P = tanx ]
= + Py = Q] [ Q = secx ]

Jp dXJ

tanx dx

\

e

o 108 Isecx|

contd..


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

contd..

com

blete solution is given by:

yxLF={Qx (L)} dx + C |

V x secx = [{secx x secx} dx + C

y secx = [{sec?x} dx + C

=) [y secx = tanx + CJ AnNSwWer



https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Question 2
o SOIVe [X d)’+ 2), 4X ]

dx

it IS not In its standard form

o Sol"
) dy + 2)' = 4x [ divide by X’ on both sides |
dx X 2
now it is in the standard form Eg; ix ]]

F B Jpax

de 2jldx
=) e X =) € X

= o 2 log x ) o log x?

=) contd..



https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

contd..

complete solution is given by:

[yx |.F

:HQxOF»dx+CJ

=) Y X°=|

(4x .x2) dx + C

=) Y X°=|
=) y X% =

(453) dx + C

AN
4

-P[yxzz

X4 + CJ ANSWEF
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Question 3

e Solve [(1_'_)(2) d_)’_|_2x), _y3= OJ
dx

o Sol"

it IS not in its standard form

— dy + 2XY —x3 = 0 [divide by I+ on both sides
dx 1+x2 1+x2

d)’ 2X Y — 3 2X
‘ —_— + —_— X_ = ——
X3
now it is in the standard form [Q= T ]
contd..


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

contd..

I.F Jp dXJ

-~

o

~

[let 1+x2=1]

¥4

[ 2X = %

3

[ 2x dx = dt

]

]
/
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contd..

complete solution is given by:

yxLF={Qx (L)} dx + C |

=y (16x2) j( J(1+x2) dx + C

1+x2

=) Y (1+x?) =[x3dx + C

> [y (1+x?) = )454 + CJ ANSWEr



https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

n Priyadarsini
re Mathematics
yvtechnic, Odisha




Scalars and Vectors

A scalar quantity is a quantity that has only magnitude.

A vector quantity is a quantity that has both a magnitude
and a direction.

Scalar quantities Vector quantities
Length, Area, Volume, Displacement, Direction,
Speed, Velocity, Acceleration,
Mass, Density Momentum, Force,
Temperature, Pressure Electric field, Magnetic field
Energy, Entropy
Work, Power

Velocity
Volume




scalar

only magnitude (size)
3.044, —7 and 2%

Example:
Distance = 3 km
Speed = 9 km/ h
(kilometers perhour)

vector

magnitude and direction

/

Displacement = 3 km
Southeast
Velocity = g km/h
Westwards



Distance is a scalar quantity, whereas
displacement is a vector quantity.




Scalar and Vector Quantities

“speed” is scalar
45 mph
(or 20.1 m/s)

y distance

“velocity” is vector
which means direction
is also included

X distance



—

Vector Notatlon/ Denoted as

It is denoted as ‘vector AB’ or ‘vector a.
point A from where the vector starts is called its initial point
point B where it ends is called its terminal point.

The distance between initial and terminal points of a vector
is ¢ called the magnl,tude (or length) of the vector, denoted as
|AB| or|a| or a., |

The arrow 1nd1cates the direction of the vector.

A 0-AB



Types of vector

zero or null vector
unit vector

negative of a vector
co-initial vectors.~
co-terminus vectors
equal vectors

collinear or parallel vectors



zero or null vector

initial and terminal points coincident
denoted by w ()
Magnitude = () (zero)

\A o’

Vector Zero vector



unit vector

* Magnitude =& 1 (unit magnitude, A= 1)
* denotedas = @

* purpose  =» specify a direction in space

VECTORA «——— A = A A

A = magnitude of A
A = unit vector along A






negative of a vector

* Vector of same magnitude
* but opposite direction

Vector Negative Vector
ﬂ A0 - A0
8] - A - . &
T -7

The negative vector of AB is- AB=BA



equal vectors

* same magnitude (size) as well as direction

A

> |
]
90

Video links



co-initial vectors

® same starting point

ORIGIN o

Video links



co-terminus vectors

* same terminal point

Video links



collinear or parallel vector =

collinearvectors =¢ lying on one line E

4 collinear vector

parallel vectors =) lying parallel to each other

> <
B> B

parallel vector




= —-— . —

position vector

—>
* Vector having initial point is at origin. Here OP is the
position vector of point ‘P..

P(4,9)

ORIGIN <




.—'---

' Representaﬁc_)n of vectors
in terms of the position vectors

* Let A and B be two given points.

—> —>
* Then OA and OB are the position vectors of A and B

—>

= B
* Then AB can beTtepresented as: -

= AB=p.v.of B-p.v.of A o

o |AB-GB-5h -




=
e — ———

‘Components of a vector in two dimensions

Y
P (x,y) Let T and 5 be the unit vectors
| along x-axis and y-axis
y
| oM =2
X Then OM =xi
O M
X = s
MP =yj .
f > A Py | 1B
Then Q_P-: X1+V] [by Triangle law of addition]
|OP | =Vx>+y> | | asin A OPM

(OP)? = (OM)? + (PM)>

» (OP)?> =x> +y?
» OP =V x*+y?




o= -

.—'---
. =

= e = ——

Components of a vector in three dimensions
Let P (x,y, z) be a point in 3D

A A A
Here i, j & k are unit vectors along X-axis, Y-axis & Z-axis respectively

Then Z-axis
— A A
OA= x1 J ._g\.
C)?: y/]\ ;‘_,f"'. = k 7 .P (X, Y, Z)
OC=zk A B
= A Y 5—> | Y-axis
A A B Q =
So[OP=xi+yj+zk] = X .‘ =
Y
and[|OP|=\/X2+y2+zz] A
X-axis




Operations on vectors

Addition of two vectors

 Triangle law of addition

e Parallelogram law of addition
Subtraction of _I;wo'ifectors
Multiplicatioﬂ., |

e of a vector with a Séélar

e of two vectors by Dot product

e of two vectors Cross product



Addfhé Vectors by
triangle law of addition

We can add two vectors by joining them head-to-tail

triangle law of vector addition - states

that if two vectors represented by 2 sides of the triangle
then their sum is represented by the third side of the
triangle but in the reverse order.



Adding Vectors by
parallelogram law of vectors

We can also add two vectors having a same origin

e
P -

{ =\

" _‘} F A

parallelogram law of vector addition - states

that if 2 vectors a & b are represented by 2 adjacent sides of a
parallelogram, then their sum a + b is represented by the
diagonal of the paralleogram through their initial point.



Subtracting vectors

—) - . .
Leta agd b be two vectors, reverse the direction of the
vector b then add as usual:




.—'---

= —-— . —

Multiplying a Vector by a Scalar

» product of the vector @ by the scalar A= Ad
* magnitude mmp [)d| = |1||a|

Example: @ x 2:= 2a

magnitude = |2d| = |2||d| = 2a

/ /

2.3



Addition of two vectors in components

> A A AP A A A
Let a =a,i+a,j+a,k; b=bi+b,j+bk

—> A A A A A A
Then a+b=(a,i+a,j+a,k) + (b,i+b,j+b,k)

m) [(al +b)7+ (a, + b,)j+ (a, + b3)_f12 J

Subtraction of two vectors in components

—> A AT A A A A
Then a-b=(ai+a,j+a,k) - (bi+b,j+b,k)

= [(al— b)i+(a,- b)j+ (- bB)/1\<J




Multiplication of a vector with scalar

Let A be a scalar

=) a=ai+a,j+ak

- A A A
ThenAa=2A (a{ i+a,j+ak)

= [ Aa1i+)\azj+?\a;k_J




—

Multiplication of 2 vectors
By using Scalar/ Dot product

By using Vector/ Cross product



—

Scalar or D-ot Product

—> —>
Let a & b be two vectors. N

Then dot product of them is denoted by a.b
and defined as:

—-> —>

a- b af x |b| x cos ()

- >
[a b= axbxcos(@)]

a-b

or cos(0)= S ——=

|a] |b]




=

e e p————

Geometrical representation of Dot product

Here in the given figure = M
0 is the angle between the vectors a & b -8
Consider the right angled triangle AOBL b
then
cosf= b - OL_ OL 0 -
N.. = O >
h- OB _-1b] > L A
|ﬁ| cos®=0OL . :
L S -
and OL is knoWn as projection of b on a
> > S '
asweknow a.b =|a] |b] cos@ » > =>)
- 9 2y So scalar projection of b on a
= |a| OL ==
== = a.b
a.b =0L =
=3 |a| )
a|

Continued..



Continued..

Again consider the right angled triangle AOAM

then
E _

OM_ OM

h OA |3
|?| cos 6 = OM

cos 0 =

> —
and OM is projection of a on b
N S
aswe know a.b =1la| |b| cos©

-

B
M
—_—
b
0 £
e L
= =

- -
a.b

9

bl

So scalar projection of a on b




o -

=
. =

—— e ———

Dot product in terms of components

> A A A
Let a=ai+a,j+ak
A A A
b =b,i+b,j+b,k
We have
AN AA AA ~
i.j=j.k=k.i=0
AN AN AN |
_or ].1=1<.]=1:_1<=0/
- AN AA N A 3
i.i=j.9=k.k =1 2
- 2

(a7 +a+a,K) . (b,T+ b, 74 b, k)

@ ;; ab+a,b,+a b,
cos O = : # cos O =
- > \/a12+a22+a32\/b12+b22+b32

Continued..




Continued..
- -

If a isperpendicularto b

Then 0 = 90° == c0sO = cos90°=0

- —>
m) cosf = a-D
- —
|a| |b]
- -
— 0 = a.b
e
|a| |b]
- >
=) 0 =.a.b
> > — =
So alb =) ,.b-0

Continued..



ik .
Continued..

@

©),

Video links

9

If a &

=

P
o

9
b are parallel to each other

a, a, a
5 b b

- >
= |a| |a| cos O

-‘___‘.-"" oo
.-'-..J = o '.___.-"-

L -
P PR

T
T
o




i
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Vector or Cross Product

-> -
The Vector Product of two vectors is denoted bya x b

and defined as:

/\ * ~>
axb=a| |b|sin6.n e Axp
where: | o
-> >

|a| & |b]| = magnitudéa -

— =
9\ = angle betweena & b — —_
n = unit vector perpendicular to botha & b

Continued..



=wehave —» — =5 o —= e

; . A
Continued.. axb =la] |b|sin6.n
> > > > A
—) _ '
Note:- 1 |axb| =|a| |b|sin@. |n|
> > > > A
=) |axb| =|a| |b|sin® (|n|=1J
> >
=) 0 = sin 0
> >
|af |b]
we have
> S > > Al
Note:- 2 axb =|a] [b[sin®.n
- :
> > > s D> A
=) axb=|a||bl |]axb|n [P o f 2 of si }
: S utting formula of sin 6
|af |b]
-> > > 2> A > > A
= axb = |axb| n = axb =n
- >
So a unit yector n perpendicular |axb]|
toboth a & b isgiven by

Continued..



e e = _-._-_-—-

Geometrical representation of vector product
A

- >
OA = a
- >
OB =b

e
axb =|al| |b|sin® n

> > > >

m) axb = |a|(|b|sm6)

J sin O = P .=_"
> > > K h
m) axb =|q BMn‘ |ﬁ_|-s‘if16=BM
> > - % o
= [axb]| = [a] [BM]". [

- >
= area of a parallelogram with sides a & b

rea of a parallelogram
= base x height

Then it is concluded that:

> >
[AreaofAABC=1/z |a><b|]




-:.--
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Vector product in terms of components
Let ?=a? a?+ak
bebiet G+b.k

And from a right handed system of mutually perpendicular vector
We have:

VN A A ) : A
ixj=k of jxi=-k L ](

AN N A

jxk=i. kxj=-1

AAA YT AA A \ j

\\kXI—] . 1xk_j//
And [';A- 2

X1 =

AN AN AN

==
:rl'.|_1=

o & -
=gl
T o =~ >

o




