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Definition

* An equation involving
° independent variable,
> dependent variable and

o derivative of dependent variable with
respective to the independent variable or
variables

* is known as DIFFERENTIAL EQUATION.
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4 )

dy 4 3y? = 9x
dx
\ Y,

For example:

* In the above equation:

° X = independent variable

>y = dependent variable

d
di = derivative of dependent variable (i.e.’y’)

o

with respective to the independent

variable or variables (i.e.’x’)
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Types of Differential Equations

* Differential Equations are of 2 types:

A. Ordinary differential equations (O.D.E)

B. Partial differential equations (P.D.E)
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Ordinary differential equations
(O.D.E)

 Differential equations involving derivatives w.r.t
only one independent variable is called
Ordinary differential equations (O.D.E)

Exanmple: 4 i ~N
dy_. 59y _9x_0

dx? dx
_ Y

* Here the derivatives includes only one
independent variable i.e.X’
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Partial differential equations
(P.D.E)

 Differential equations involving derivatives w.r.t
more than one independent variable is called
Partial differential equations (P.D.E)

Exanmple: A B
3u ou 8u _ 5u
ax dy "%

Y

Hereu =f (X Y, Z), therefore
°u ====) dependent variable
° X,Y,z === independent variables


https://www.youtube.com/channel/UCNzx7h9IOLzmNwVcBe76eAQ

Order of the Differential equation

* Order of the differential equation is the
highest order of the derivatives occurring
In it.

* As we already know:

. )

d > .
Y | — 1st order derivative

— 7 | = 2"d order derivative

~

— 7 | == 3" grder derivative

0
X
w

0
S
~

= N order derivative

21
>
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Lets see few examples:

E ﬂ e )
.2 1: 2
dy, 59y _9x -0
dx? dx
o OQrder =2 ~ -
s y = ~
E.g. 2: Y VN+y2 = &Y
dx) T A
\_ _J

o Order = 3
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Degree of the Differential equation

* Degree of the Differential equation is the
highest power of the highest order
derivative after the equation has been
freed from radicals and fractions.

Lets see few examples:

Eoo ﬂ: (d3 d 2
> Order = 3 d_x);-l- %) = 9X

° Degree = 1 - J

~N
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d2y
= (dx2
o Order = 2
> Degree = 2

= 3+

dy

dx

squaring both sides]
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4 5/2
d2y
[1 T ) ] =3 (dx2
.
[ squaring both sides]

- [1+<:—1>2]5={ —}

> Order = 2
> Degree = 2
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Solution of Differential equation

 Let us take adiifferential eq" and af‘unction
[dzy +y = OI 0 [y = a sin (x+b)]_@
dx?

[where a, b are real number]

then
=) EII_Z( = a cos(xtb) [differentiating eq"@]

= j Y =_asin (x+b) [differentiating again]

contd..
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contd..

42
now putting the values of y & d_x); in eq”@

LHS = jy+y = -asin (x+b) + asin (x+b) =0
x?
RHS= 0 L.H.S = R.H.S

e so we conclude that:

r

'y =asin (x+b)] is solution of differential equation

~
z: Y +y= O] as it satisfies the equation.
X2

Note:- a function is said to be solution of a differential
equation if it satisfies the equation.
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Two types of solution

A. General or complete solution

B. Particular solution
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General or complete solution

* A solution which contains the number of
arbitrary constant equal to the order of the
differential equation is called a general solution.

Example:
[y = asin (x+b)] is general solution of e
[ l differential equation . +y=0

> Order of differential equation = 2

° a, b are two arbitrary constants in the solution.
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Particular solution

* A particular solution of a differential equation is
a solution obtained from the general solution by
giving some particular values to the arbitrary
constants.

Example:
{y = 2 sin (x+5)J is particular solution of >
[ l differential equation [j_); +y = OJ
X
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Solution of Differential equation

Solution of 15t order and 15t degree equation by:

A. Separation of variables

B. Solution of linear Differential equation

of first order
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Separation of variables

o Consider the Differential equation

[d_v - f(xy)}@
dx

e Equation @can be separable of variables

= N = f(x)f()

dx

=) dy = f;(x) dx
f2(y)
* Integrating both sides

dy = |f,(x) dx + C
(1) Ji

* Which is a complete solution

\%I
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Question 9
«Solve |9 _ ﬂz]
d

e Soln dy e [ cross-multiplying ]

= L =2

1 +y2 +x2
[ integrating both sides ]
dy dx

= )12 T

‘{tan" y = tan “'x + C} ANSWer
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Question 2

e Solve
e tany dx + (1+ e%) sec?y dy =0 |

 Sol"
= eXtany dx + (1+ ) sec’y dy = 0

=) (1+€*) sec?y dy = - e*tany dx
SeCZy dy = - eXdx

t 1+ e
any (1+ €% [ Integrating both sides |
sec?y dy =( - ex dx
= J tany 1+ &%) o

@ @I contd..
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contd..

o For@

e For@

Let tany =y Let (1+ eX) —
_ du dv
= secly= — = ex ==V
dy dx

sec’y dy = du e* dx = dv

- J‘seczydy du = _J‘ ede__J‘d_v
tany (1+ &%) v
= log u =-logv
=) = |og tany =) =-log (1+ eX)
Eg @ becomes:

=) [Iog tany = - log (1+ e*) + CJ ANSWELr

"%l
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Solution of linear Differential
equation of first order

A differential equation in which the dependent
variable and all its derivatives occur in the 1%
degree only and are not multiplied together is
called a Linear Differential equation.

e Standard form of linear differential equation

(1%t order) [ y . + Py = Q]
dx

e where P and Q may be constant or only a function of x.

» coefficient of d_y is always unity.

dx

contd..

%I
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contd..
method of solution

e Step 1
> Find I.F (Integrating factor)

N [erdX]

 Step 2
> Then the complete solution is given by

[ny.F:f{Qx(I.F)}dx+C ]
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Question 1

e Solve

o Sol"

dy + ytanx = secx]
| dx

It |s In Its standard form

=)
LF —

(Integrating f

actor)

=

dy [ P = tanx ]
= + Py = Q] [ Q = secx ]

Jp dXJ

tanx dx

\

e

o 108 Isecx|

contd..
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contd..

com

blete solution is given by:

yxLF={Qx (L)} dx + C |

V x secx = [{secx x secx} dx + C

y secx = [{sec?x} dx + C

=) [y secx = tanx + CJ AnNSwWer
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Question 2
o SOIVe [X d)’+ 2), 4X ]

dx

it IS not In its standard form

o Sol"
) dy + 2)' = 4x [ divide by X’ on both sides |
dx X 2
now it is in the standard form Eg; ix ]]

F B Jpax

de 2jldx
=) e X =) € X

= o 2 log x ) o log x?

=) contd..
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contd..

complete solution is given by:

[yx |.F

:HQxOF»dx+CJ

=) Y X°=|

(4x .x2) dx + C

=) Y X°=|
=) y X% =

(453) dx + C

e
4

-P[yxzz

X4 + CJ ANSWEF
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Question 3

e Solve [(1_'_)(2) d_)’_|_2x), _y3= OJ
dx

o Sol"

it IS not in its standard form

— dy + 2XY —x3 = 0 [divide by I+x on both sides
dx 1+x2 1+x2

d)’ 2X Y — 3 2X
‘ —_— + —_— X_ = ——
X3
now it is in the standard form [Q= T ]
contd..
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contd..

I.F :>{er dXJ

-~

o

~

[let 1+x2=1]

¥4

[ 2X = %

3

[ 2x dx = dt

]

]
/
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contd..

complete solution is given by:

yxLF={Qx (L)} dx + C |

=y (16x2) j( J(1+x2) dx + C

1+x2

=) Y (1+x?) =[x3dx + C

> [y (1+x?) = )454 + CJ ANSWEr
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Scalars and Vectors

A scalar quantity is a quantity that has only magnitude.

A vector quantity is a quantity that has both a magnitude
and a direction.

Scalar quantities Vector quantities
Length, Area, Volume, Displacement, Direction,
Speed, Velocity, Acceleration,
Mass, Density Momentum, Force,
Temperature, Pressure Electric field, Magnetic field
Energy, Entropy
Work, Power

Velocity
Volume




/

scalar vector

only magnitude (size) magnitude and direction
3.044, —7 and 2%

Example:
Distance = 3 km Displacement = 3 km
Speed = g km/h Southeast
(kilometers per hour) Velocity = g km/h

Westwards



Distance is a scalar quantity, whereas
displacement is a vector quantity.




Scalar and Vector Quantities

“speed” is scalar
45 mph
(or 20.1 m/s)

y distance

“velocity” is vector
which means direction
is also included

X distance



/

_——
Vector - Notatlon/ Denoted as

It is denoted as ‘vector AB’ or ‘vector a.
point A from where the vector starts is called its initial point
point B where it ends is called its terminal point.

The distance between initial and terminal points of a vector
is ¢ called the magnitude (or length) of the vector, denoted as
|AB| or |a| or a.

The arrow indicates the direction of the vector.




Types of vector

zero or null vector
unit vector

negative of a vector
co-initial vectors
co-terminus vectors
equal vectors

collinear or parallel vectors



zero or null vector

* initial and terminal points coincident

—»

* denoted by = (i
* Magnitude = () (zero)

e ¢

Vector Zero vector



/
unit vector

* Magnitude =& 1 (unit magnitude, A= 1)
* denotedas =» g
° purpose = specify a direction in space

r

VECTORA < A= AAJ

.

A = magnitude of A
A = unit vector along A



Cartesian unit vectors




-

negative of a vector

* Vector of same magnitude

* but opposite direction

Vector Negative Vector

The negative vector of AB is- AB= BA



equal vectors

* same magnitude (size) as well as direction

Video links



co-initial vectors

® same starting point

ORIGIN

Video links



co-terminus vectors

* same terminal point

Video links



collinear or parallel vector

collinearvectors =¢ lying on one line

/1 B
collinear vector

A
parallel vectors =» lying parallel to each other

> <
B B

parallel vector




position vector

—>
* Vector having initial point is at origin. Here OP is the
position vector of point ‘P..

P(4,9)

ORIGIN < 2 4




e

~~  Representation of vectors
in terms of the position vectors

* Let A and B be two given points.

—> —>
* Then OA and OB are the position vectors of A and B

—>

* Then AB can be represented as: .

—_—
= AB=p.v.of B-pv.of A .

»[ﬁ:(ﬁ—@i} .
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’//C’oi;)nents of a vector in two dimensions

Y.
P (x,y) Let T and J be the unit vectors
| along x-axis and y-axis
y
| OM =2
X Then OM =xi
O M Ry

X N
MP = y)

Frs ATV A, . B
Then OP= xT1+y]j | [byTriangle law of addition]

—
[|OP|=\/X2+yJ asin A OPM
)
(OP)> = (OM)? + (PM)>

» (OP)? =x? +y?
» OP = yxx v




~Components of a vector in three dimensions
Let P (x,y, z) be a point in 3D

A A A
Here i, j & k are unit vectors along X-axis, Y-axis & Z-axis respectively

Then Z-axis
= 3 A
OA= x1i g.
CE): Y/]\ k Z .P (X) Y7 Z)
N
OC=zk A B
A y) o> Y-axis
A A A O Z
So[OP=xi+yj+zk] 2 X

and[|OP| =V X2 +Yy? +Zz]

X-axis
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e T N

Operations on vectors

Addition of two vectors

 Triangle law of addition

e Parallelogram law of addition
Subtraction of two vectors
Multiplication

e of a vector with a scalar

e of two vectors by Dot product

e of two vectors Cross product



e Adding Vectors by
triangle law of addition

We can add two vectors by joining them head-to-tail

triangle law of vector addition - states

that if two vectors represented by 2 sides of the triangle
then their sum is represented by the third side of the
triangle but in the reverse order.



-~ Adding Vectors by
parallelogram law of vectors

We can also add two vectors having a same origin

______________________

~
v

0 YA

parallelogram law of vector addition - states

that if 2 vectors a & b are represented by 2 adjacent sides of a
parallelogram, then their sum a + b is represented by the
diagonal of the paralleogram through their initial point.
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Subtracting vectors

—) - % 7
Leta agd b be two vectors, reverse the direction of the
vector b then add as usual:




Multiplying a Vector by a Scalar

» product of the vector @ by the scalar A= Ad
* magnitude mmp [3a| = |1||a|

o -
Example: @ x 2 = 2a

magnitude = |2d| = [2||d| =2a

71/ A
ﬁv



Addition of two vectors in components

LA A A T A A A
Let a =a,i+a,j+a,k; b=bi+b,j+bk

o A A A A A A
Then a+b=(a,i+a,j+a,k) + (b,i+b,j+b, k)

m) [(al +b) T+ (a, + D) @+ B K J

Subtraction of two vectors in components

— A A A A A A
Then a-b=(ai+a,j+a,k) - (bi+b,j+b,k)

= [(al— - D) bB)/1\<J




Multiplication of a vector with scalar

Let A be a scalar

) a=ai+a,j+ak

s A A A
ThenAa=A(a,i+a,j+a,k)

=) [ Aa1i+)\azj+?\a3kJ




Multiplication of 2 vectors

By using Scalar/ Dot product

By using Vector/ Cross product



Scalar or Dot Product

- -
Let a & b be two vectors.

-> -
Then dot product of them is denoted by a.b
and defined as:

-

> > -
b = |a| x |b| x cos (0)
iy

ao
2L
[a-b=axbxcos(6)]

> -

a-b

orcos(@)= = ————

|a] [b]




Geometrical representation of Dot product

Here in the given figure AN M
0 is the angle between the vectors a & b S
Consider the right angled triangle AOBL b
then
cos 0 = b O ] 0 -
S = O >
h OB bl = LA
|ﬁ| cos 6 = OL
— —
and OL is known as projection of b on a
> > > >
aswe know a.b =|a] |b| cos6 & SN
e So scalar projection of b on a
= |a| OL v
Y = a.b
a:b =0Lk 7
= |a| -
a|

Continued..



B
~ Continued..
M
Again consider the right angled triangle AOAM E)
then
cos@= b - OM_ %M - 0 o
h OA El > I
|?| cos 6 = OM
— —
and OM is projection of a on b
> > > >
aswe know a.b =|a| |b| cos©
> > |e| L £ =2 > )
a.b =|b| OM So scalar projectionof a on b
= = e
a.b =0OM = a.b

e —

b| [b| )




~ Dot product in terms of components

LA A A
Let a=ai+a,j+ak
AR R
b =b,i+b,j+b,k
We have
mOAANA AA A A =
Iifvevinlkesaleng =)
AN AN AN :
ot ].1=k.]=1.k=0j
% AA AA A A 3
Vs peric ol ] 2

=D

@ ;; a,b,+a,b,+a,b,
cos O = : # cos O =
> > \/a12+a22+a32\/b12+b22+b32

Continued..




~ Continued..
Y B

If a isperpendicularto b

Then 0 = 90° == (c0sO = cos90°=0

- -
m) cosf = a-D
= —
|a| |b]
- -
— g = ahb
> —
|a| |b]
- -
= O = a.b
S =
So aidsh m) 3. b=0

Continued..



Continued..

- >
@ If a & b areparallel to each other

/.\-\\
> > — ; )
a.a = |a||alcosO N

.

2 B

-
= (N

7

Video links



Vector or Cross Product

> >
The Vector Product of two vectors is denoted bya x b

and defined as:

/\ I‘$ e 8
{ZXB’:@ b sin6.n} " dXxp
where: oy
-> >

|a| & |b| = magnitude

- —
9\ = angle betweena & b S
n = unit vector perpendicular to botha & b

Continued..



/’ we have — M/

A
= Continued.. axb =la] |b|sin6.n
> > > > A
—) o '
Notex 1 |axb| =|a| |b|sin 0. |n|
o > > > > A
=) |axb| =|a| |b|sin® (|n|=1J
> >
= 2 = sin 0
9
|af |b]
we have
> > > > e
Notew 2 axb =|a| |b|sinf.n
o S>> S D> > A
= axb =|a||b| |axb| n [P - s Lot }
B uttlng ormula of sin 0
|a] |b]
e = — R Y > > A
= axb= |axb| n = axb =n
> >
So a unit yector n perpendicular |axb|
toboth a & b isgiven by

Continued..



Geometrical representation of vector product

= oy A
OA = a

=%

OB = b
> > > >
axb =|al| |b|sin® n
> > > >
axb =

= a| (|b| sin®) n

sinf= P =
> > > h
m) axb = |a|BMn |ﬁ|sin6=BM
> > -
= |axb| = [a] [BM [

Wl f llel
= area of a parallelogram with sides a & b P o ogramJ

= base x height
Then it is concluded that:

> >
[AreaofAABC=1/z |a><b|]




Vector product in terms of components

Let e a/; a/;+ak
e A
b =b,i+ b]+bk

And from a right handed system of mutually perpendicular vector

We have:
£ AR A AN N o
i x )=k orjoaii=iEle 1<
AN AN A AN A A
Xk =i kxj=-i \ }
anrn W22 o
i ixk=-
.= -
amd (ASNERE | OO
axb = ik
So a4
b, b, b, )




